We denote by f(n, k) the number of positive integers m <n with a prime factor among the first k primes. In this paper answering a question of Paul Erdiis we show that there exist constants c,no such that ifn>no,AC{1,2,...,n} with lAl>f(n,2) (if61n then f(n,2)= in), then the coprime graph induced by A contains a complete tripartite graph on 2 Lc,,,~~~;,,, J + 1 vertices where one of the classes is a single vertex and the other two classes each have Lc&$&--J vertices.
Introduction

Notations and definitions
Let (a,b) denote the greatest common divisor and [a,b] the least common multiple of integers a, b. Consider the coprime graph on the integers. This is the graph whose vertex set is the set of integers and two integers a, b are connected by an edge if and onlyif(a,b)=l.LetAc{1,2 ,..., n} be a set of positive integers. The coprime graph of A, denoted by G(A), is the induced coprime graph on A. A(,,,) denotes the integers ai E A, ai 3 u(modm).
4(n) denotes Euler's function, u(n) denotes the number of distinct prime factors of n and p(n) is the Moebius function.
V(G) and E(G) denote the vertex set and edge set of a graph G. K,, is the complete graph on n vertices, K(nl,nz,. . ., n,) denotes the complete v-partite graph with color classes Ur,lJz,...,U, such that IUlI=nl, \Uz\=nz,..., (U,(=n,. Cl is the cycle on I vertices. H is a subgraph of G, denoted by H c G, if V(H) c V(G) and
E(H) c E(G). No(v) denotes the set of neighbors of the vertex u in the graph G and &go(v)=
INo(v)l. We write N(pl,pz,... ) = ni N(pi), the set of common neighbors.
The coprime graph of integers
Recently the investigation of various graphs on the integers has received significant attention (see e.g. 'Graphs on the integers' in [12] ). The most popular graph seems to be the coprime graph, although there are many attractive problems and results concerning the divisor graph ( [8, 9, 14, 16] ).
Several researchers studied special subgraphs of the coprime graph. Perhaps the tist problem of this type was raised by Paul Erdiis in 1962 [7] : What is largest set Ac{1,2,..., n} such that Kk @ G(A)? Of course, the set of m dn which have a prime factor among the first k -1 primes is such a set (let us denote the cardinality of this set by f(n, k -l)), and Erdijs conjectured that this set gives the maximum. For k = 2,3 this is trivial, and for k = 4 it was proved by Szabo and T&h [ 171. However, the conjecture recently was disproved by Ahlswede and Khachatrian [l] . They also gave some positive results in [2] and [3] .
Another In his last problem collection paper [5] (completed just days before his death) Paul the largest possible value of I = f(n). Several other problems are investigated and theorems are proved. We hope to return to this problem in the near future (if there is a future for me), but Sarkozy will surely return to these problems".
Sadly, due to Paul's death, we have not been able to continue the work jointly. It is a tremendous honor for me to fulfill Paul's moving prediction with this paper.
Indeed, I will show that our methods the following theorem. 
n} and (Al >f(n,2), then K(1, L I) c G(A) for I= Lcal.
As mentioned above, it would be interesting to determine here the best possible value of I for which the theorem remains true. Clearly, for one of the color classes of the complete tripartite subgraph we cannot say more than a single vertex, since we may take
A={m/m<n,21m
or 31m}U5, and then every complete tripartite subgraph of G(A) has a color class consisting of only a single vertex.
In the proof we will distinguish two cases depending on the size of lAc6, I)( + IA~~,J)I.
The theorem will be an immediate consequence of the following two theorems:
Theorem 2. There exist constants cl, ~2, nl such that if n 3nl,
IPI >fh2>, 
Proof of Theorem 2
We may assume without loss of generality that si = max(si,s2). The rough outline of the construction of a K( 1, I, 1) in G(A) is the following: First we will pick a number a E Ace, 1) with relatively large 4(a) as the class consisting of the single vertex and the two other classes with I numbers will be chosen from A(Q) and 46,3), respectively.
We need the following lemma: We also use the following lemma:
Lemma 2 (Niven et al. [13, p. 3941) . There exists an n3 such that zyn>n3 then
log log n This lemma implies that in (6), for large enough n, the number of terms is 244 < 2 log log n .
Indeed, if a cz n3 this is trivial, and if a > n3, then log a w(a)<2---log n log log a 62-, log log n log u since the function g(u) = 2---log log u is increasing if u is large enough (see [13, p. 3941 for sufficiently large n.
Note that IA I> f(2, n) by (1 ), and trivially for small enough cl. Once again applying Lemma 1 with
(so t' <t) there are at least + integers in the form 6~ + 2 satisfying 6u+2<n, (6u+2,a)=l, 6~ + 2 E '$6,2), 4(6u + 2) > 1,:
Let us denote the set of these integers by B. Thus we have
Let F = A(Cj3). Note that using (1) and (2) again for small enough cr. We define a bipartite graph G' between B and F as follows: We have an edge between a b E B and an f E F if and only if (ab, f) = 1. (i.e. 6v--3 (modd)). Since (6,a)= 1, and 21b, but 3 t b, it is easy to see that (9) if 2ld, + E otherwise, where I&( < 1.
Furthermore, in (9) for large enough IZ the number of terms is log(n') log n
2"("'<22]os <24log
where we again used Lemma 2, e dn2 and the fact that g(u) = 2% is increasing if u is large enough. Hence we have by (2) I&f(b>l= c 12% 
Proof of Claim.
Using (3), (5), (7) and (11) we get
Here we also have
since otherwise
St2 ' a contradiction with (11).
To find a lower bound on the number of subsets of B of size Z with a common neighbor in F, we use Jensen's inequality on convex functions, (8), (12) and (13) 
Proof of Theorem 3
Here we assume that s2 > zn, the case st 2 :n is similar. Denote by P,. the product of the primes not exceeding Y. The rough outline of the proof will be the following:
First we find 3 positive integers jr, j2 and js such that (jt , j2) = (jl , j3) = (jz, j3) = 1 and ]Acp,.,j,)I is relatively large for each i = 1,2,3. We construct a K( 1, I, 1) in G(A) in the following way: First we will pick a number a EA~~,J, 1 with relatively large @(a) as the class consisting of the single vertex and the two other classes with I numbers will be chosen from A~P,,,J~) and A(PJ~), respectively.
We will need the following lemma. We claim that (14) and (15) 
In that case (15) and (18) In this case we choose ji = 6i0 -1 and j3 = 6io + 5. For j2 we choose one from the integers 6i0 + 1,6ie -t-2 and 6io + 3 for which (there must be one such a j2) and then (16) and (17) clearly hold. Thus the claim is proved, we have jl, j2 and j3 satisfying (16) and (17) . Let a denote a positive integer for which a~A(p,,j,) and l-I (1-i) >l-;. 
